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A mathematician, like a painter or a poet, is a maker of patterns. – G.H. Hardy
Mathematics is often described as a science of patterns and involves crafting explanations
and meaning from observed patterns. In this paper, you will explore patterns geometrically,
algebraically, and graphically.
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QUESTION 1: PATTERENED PAIRS
8 MARKS
Five distinct integers were selected so that a < b < c < d < e. The sum of all the possible pairs
(x + y) of these integers are 2, 3, 6, 7, 9, 10, 11, 13, 14 and 17.
(a) What is the sum of the following pairs?

2 MARKS
a. a + b =
b. a +c =
c. d + e =
d. c + e =
(b) By first adding the sum of each pair to form a single equation, determine the values of
a, b, c, d, and e.

6 MARKS
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QUESTION 2: ATYPICAL TILING
12 MARKS

(a) Explain, using words, the properties required of a regular polygon so that the polygon
can tile a wall without any gaps.

1 MARK

(b) By starting with the equation below, mathematically determine which n-sided regular
polygons can tile without any gaps.

2 MARKS
Interior angle=180°−exterior angle

A semi-regular tessellation is a tiling system comprised of 2 or more types or regular polygons,
allowing for a greater range of shapes to be used and intricate patterned designs to result.
The arrangement of polygons around each vertex point must be identical and this arrangement
is used as an identifier for a tessellation. For example, a regular tessellation of squares would
have a vertex configuration of {4, 4, 4, 4} since 4 squares surround any vertex.
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(c) Below are two semi-regular tessellations. For each, identify their vertex configuration
and then prove they meet the criteria for tessellation.

4 MARKS

SEMI-REGULAR
TESSELATION

VERTEX CONFIGURATION

PROOF OF
TESSELLATION

(d) The tessellation below fails to be semi-regular. Why?

1 MARK
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(e) While 5 sided regular polygons cannot tessellate, some irregular polygons can. Draw
a 5-sided irregular polygon that can tesselate without any gaps.

1 MARK

(f) Below is an irregular 4 sided polygon that is able to tessellate. Prove this by sketching
6 further duplicate polygons around the image below so that all the edges of the
polygon below are connected to another polygon.

3 MARKS
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QUESTION 3: DISO DOTS
9 MARKS
Stu is planning a disco. His disco floor must remain symmetrical all night long and he has
chosen three potential designs below. For each design, though, he would like to know the
maximum number of different colours that can be used while ensuring the rules of symmetry
are maintained. Consider the smallest non-repeating unit in each image and then form an
algebraic expression to determine the number of different colours possible for each design if
there was an n x n size floor (not the 5x5 shown below) where n is odd.

3 MARKS PER QUESTION
(a)

(b)

(c)
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QUESTION 4: INVISIBLE DIVISIBLES
4 MARKS
A pattern of numbers (sequence) is determined by the formula 𝑛𝑛3 + 11𝑛𝑛. Prove that all terms
of the sequence are divisible by 6.
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QUESTION 5: DÉJÀ VU?
6 MARKS
A sequence of numbers is given by the following expression:

Identify the value of all possible numbers in this sequence as simplified algebraic
expressions. Start with the first number as a1.
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QUESTION 6: PATTERNED PROGRESS
6 MARKS
(a) Two e-scooter riders are headed toward each other, the first at 10 km/h and the second at
15 km/h. At the instant the scooter riders are 30 km apart, a bird flying at 20 km/h and
headed in the same direction as the first rider passes the first rider. When the bird reaches
the second rider, it instantaneously changes direction and heads back toward the first rider.
When the bird reaches the first rider it again instantaneously changes direction and heads
toward the second rider. If the bird continues to travel back and forth at 20 km/h, how far
will it travel from the time the bikers are 30 km apart until they reach each other?

3 MARKS

(b) Todd and Joseph are walking up an escalator. Todd walks twice as fast as Joseph. Todd
takes 27 steps to arrive at the top, and Joseph takes 18 steps to arrive at the top. How
many of the upward moving escalator steps are visible at any time on the escalator?

3 MARKS
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QUESTION 7: TEMPTING TREASURE
5 MARKS
Five explorers discovered coins in a treasure chest on an island.
They quickly gathered the chest and took it back to their tent.
Overnight, fearful the other explores might steal the treasure,
the first explorer counted out the coins and found that if she
divided the total by 5 there were 4 coins left over. She took her
one fifth and an extra coin out of the chest and hid it in her
pocket. As the night progressed, each explorer awoke at
separate times and undertook the same process with the coins
remaining, finding the same result, and taking their fifth and one
extra coin. In the morning they all awoke and decided it was
time to officially divide the treasure, each explorer not revealing that they took portions during
the night. They counted the coins in the chest and found 1023 were present. How many coins
were in the chest originally?
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QUESTION 8: FARMING FRENZY
12 MARKS
A cherry tree picking farm is preparing for the
summer picking season. There are 7 farmers on the
farm ready work over a 16 consecutive day period.
On each of the days, some of the farmers picked
cherries off the trees, while the remaining farmers
operated tractors to deliver cartons of cherries to the
barn. No farmer picked cherries and operated
tractors on the same day. On any two different days
(they don’t have to be consecutive), at least 3
farmers each performed both duties. On the first
day, all 7 farmers only picked cherries. We are
aiming to prove that, on one of the 16 days, all the farmers only drove tractors.
(a) We will say that if a farmer (F) performs the same task on three days D1, D2 and D3 then
this set of days will be defined as ‘monotonous’ for F. Prove that if there are three farmers
F1, F2 and F3 it is not possible for the D1, D2 and D3 to be monotonous for each of
the farmers F1, F2 and F3. Start by assuming a set of days like this exists and prove this
assumption leads to a result that contradicts the problem. For consistency, let the other
farmers be G1, G2, G3 and G4.

2 MARKS

(b) Consider a set of 3 farmers (F1, F2, F3). Show there are 8 working schedules for this set
of farmers.

2 MARKS
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(c) Using the proof in (a) and the information in (b) explain why every farmer must have
worked exactly 8 days in tractors and 8 days picking cherries.

1 MARK

(d) We will define a function D(f) to be the number of days on which exactly f farmers drove
tractors. Explain why D(0)=1 and D(1)=D(2)=0.

2 MARKS

(e) The final part of the proof requires another proof by contradiction. We will assume that
D(7) = 0 and hence D(3) + D(4) + D(5) + D(6) = 15. By substituting values for these
functions based on known facts, prove this assumption is false and therefore that was a
day when all 7 farmers drove tractors.

5 MARKS
.

END OF PAPER
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A mathematician, like a painter or a poet, is a maker of patterns. – G.H. Hardy
Mathematics is often described as a science of patterns and involves crafting
explanations and meaning from observed patterns. In this paper, you will explore
patterns geometrically, algebraically, and graphically.
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QUESTION 1: PATTERENED PAIRS
8 MARKS
Five distinct integers were selected so that a < b < c < d < e. The sum of all the
possible pairs (x + y) of these integers are 2, 3, 6, 7, 9, 10, 11, 13, 14 and 17.
(a) What is the sum of the following pairs? (2 marks) ½ mark each (derived from
inequality)
a. a + b = 2
b. a +c = 3
c. d + e = 17
d. c + e = 14
(b) By first adding the sum of each pair to form a single equation, determine the
values of a, b, c, d, and e. (6 marks)
5 marks (1 mark
each)

1 mark for working
(example to the right)

Values of integers are -1, 3, 4, 7 and 10.
2+3+6+7+9+10+11+13+14+17=92.
So,
(a+b)+(a+c)+(a+d)+(a+e)+(b+c)+(b+d)+(b+e)+(c+d)+(c+e)+(d+e)=92
4(a+b+c+d+e)=92 a+b+c+d+e=23
Now, we can replace a + b = 2 and d + e = 17, and we can determine
the value of c.
(a+b)+c+(d+e) = 23
2+c+17=23 So, c=4
Since a + c = 3 , we know a = −1 . And since c + e = 14 , we know
that e = 10. Since a + b = 2 and d + e = 17 , we know b = 3 and d = 7 .
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QUESTION 2: ATYPICAL TILING
12 MARKS

(a) Explain, using words, the properties required of a regular polygon so that the
polygon can tile a wall without any gaps. (1 mark)
1 mark

Interior angles of the polygon must fit into 360 degrees a whole
number of times.

(b) By starting with the equation below, mathematically determine which n-sided
regular polygons can tile without any gaps. (2 marks)

Interior angle=180°−exterior angle

1 mark for correct
algebraic expressions
and proof or similar
mathematical logic.
Trial and error not
acceptable.

Interior angle = 180 – (360/n) where n is the number of sides.
Therefore, the following must be a positive integer:

1 mark for Answers (all
three required for the
single mark)

n-2 must be a factor of 4 which means n = 3, 4 or 6
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A semi-regular tessellation is a tiling system comprised of 2 or more types or regular
polygons, allowing for a greater range of shapes to be used and intricate patterned
designs to result. The arrangement of polygons around each vertex point must be
identical and this arrangement is used as an identifier for a tessellation. For example,
a regular tessellation of squares would have a vertex configuration of {4, 4, 4, 4}
since 4 squares surround any vertex.
(c) Below are two semi-regular tessellations. For each, identify their vertex
configuration and then prove they meet the criteria for tessellation. (4 marks)

SEMI-REGULAR
TESSELATION

VERTEX CONFIGURATION

[4, 6, 12]
1 mark

[3, 4, 3, 3, 4]
1 mark

PROOF OF
TESSELLATION

90 + 120 + 150 = 360
1 mark

60 + 90 + 60 + 60 + 90 =
360
1 mark

(d) The tessellation below fails to be semi-regular. Why? (1 mark)

Not the same vertex configuration!
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(e) While 5 sided regular polygons cannot tessellate, some irregular polygons
can. Draw a 5-sided irregular polygon that can tesselate without any gaps. (1
mark)

1 mark for single shape (others are possible so should be tested)

(f) Below is an irregular 4 sided polygon that is able to tessellate. Prove this by
sketching 6 further duplicate polygons around the image below so that all the
edges of the polygon below are connected to another polygon. (3 marks)

3 marks – all 6 polygons correctly surrounding the primary polygon (example below
includes more for reference) and shapes are proportional
2 marks – 6 included by untidy presentation/proportions
1 mark – only some evidence of a few polygons
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QUESTION 3: DISO DOTS
9 MARKS
Stu is planning a disco. His disco floor must remain symmetrical all night long and he
has chosen three potential designs below. For each design, though, he would like to
know the maximum number of different colours that can be used while ensuring the
rules of symmetry are maintained. Consider the smallest non-repeating unit in each
image and then form an algebraic expression to determine the number of different
colours possible for each design if there was an n x n size floor (not the 5x5 shown
below) where n is odd.
(a)

1 mark

1 mark

Identifying that for each extended floor the numbers
possible are 1 + 2 + 3 + 4 + 5 etc…. then reducing this expression to k(k+1)/2

1 mark
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(b)

1 mark

As per above, if you consider the squares with unique colours, the below forms:

1 mark
1 mark

(c)

1 mark

As per above, if you consider the squares with unique colours, the below
forms:
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1 mark
1 mark
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QUESTION 4: INVISIBLE DIVISIBLES
4 MARKS
A pattern of numbers (sequence) is determined by the formula 𝑛𝑛3 + 11𝑛𝑛. Prove that
all terms of the sequence are divisible by 6.
1 mark
1 mark
2
marks
1 mark for factorisation and 1 mark for justification
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QUESTION 5: DÉJÀ VU?
6 MARKS
A sequence of numbers is given by the following expression:

Identify the value of all possible numbers in this sequence as simplified algebraic
expressions. Start with the first number as a1.
1 mark for each with 2 marks awarded for working and identification of the cyclical
sequence (6th term and 7th term should both be tested to prove this, only 1 mark if
one is tested)
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QUESTION 6: PATTERNED PROGRESS
6 MARKS
(a) two e-scooter riders are headed toward each other, the first at 10 km/h and

the second at 15 km/h. At the instant the scooter riders are 30 km apart, a bird
flying at 20 km/h and headed in the same direction as the first rider passes
the first rider. When the bird reaches the second rider, it instantaneously
changes direction and heads back toward the first rider. When the bird
reaches the first rider it again instantaneously changes direction and heads
toward the second rider. If the bird continues to travel back and forth at 20
km/h, how far will it travel from the time the bikers are 30 km apart until they
reach each other? (3 marks)

1 mark
1 mark
1 mark

The gap between the riders is closing at a rate of 25 km/h
T = d/s = 30/25 therefore 6/5 hours, i.e. the bird is flying 20 km/h for 6/5 hours
Therefore, distance = s*t = 20 *6/5 = 24 km.

(b) Todd and Joseph are walking up an escalator. Todd walks twice as fast as

Joseph. Todd takes 27 steps to arrive at the top, and Joseph takes 18 steps
to arrive at the top. How many of the upward moving escalator steps are
visible at any time on the escalator? (3 marks)

1 mark
1 mark
1 mark

When T arrives at the top, S has taken 13.5 steps = ¾ way up the escalator.
When T reaches the top, the escalator has moved an additional x steps. The
same for J. Therefore, if V is the No of visible steps,
V = 27 + x and V = 4/3 (13.5 + x) for T and J respectively.
Solving for x you find that x = 27 therefore, number of visible steps = 54.
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QUESTION 7: TEMPTING TREASURE
5 MARKS
Five explorers discovered coins in a treasure chest on an
island. They quickly gathered the chest and took it back
to their tent. Overnight, fearful the other explores might
steal the treasure, the first explorer counted out the coins
and found that if she divided the total by 5 there were 4
coins left over. She took her one fifth and an extra coin
out of the chest and hid it in her pocket. As the night
progressed, each explorer awoke at separate times and
undertook the same process with the coins remaining,
finding the same result, and taking their fifth and one extra coin. In the morning they
all awoke and decided it was time to officially divide the treasure, each explorer not
revealing that they took portions during the night. They counted the coins in the
chest and found 1023 were present. How many coins were in the chest originally?
1 mark
1 mark
2
marks
1 mark

4*(fifth division) + 3 = 1023 (the remaining coins)
Fifth division = 255 and therefore, before the final portion was taken there were
5*255 + 4 coins = 1279
4 (fourth division) + 3 = 1279, so fourth division = 319
Continuing this process, third division = 399 and second division = 499 and the
first division = 624
Therefore, originally there were 3124 coins.
NOTE: full marks to be awarded if 3214 is reached using a different
methodology
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QUESTION 8: FARMING FRENZY
12 MARKS
A cherry tree picking farm is preparing for the
summer picking season. There are 7 farmers on
the farm ready work over a 16 consecutive day
period. On each of the days, some of the farmers
picked cherries off the trees, while the remaining
farmers operated tractors to deliver cartons of
cherries to the barn. No farmer picked cherries
and operated tractors on the same day. On any
two different days (they don’t have to be
consecutive), at least 3 farmers each performed
both duties. On the first day, all 7 farmers only picked cherries. We are aiming to
prove that, on one of the 16 days, all the farmers only drove tractors.
(a) We will say that if a farmer (F) performs the same task on three days D1, D2
and D3 then this set of days will be defined as ‘monotonous’ for F. Prove that
if there are three farmers F1, F2 and F3 it is not possible for the D1, D2
and D3 to be monotonous for each of the farmers F1, F2 and F3. Start by
assuming a set of days like this exists and prove this assumption leads to a
result that contradicts the problem. For consistency, let the other farmers be
G1, G2, G3 and G4. (2 marks)

2 marks for well explained proof of contradiction as in the example below. 1 mark if some
logic present.
Assume for D1-D3 that F1-F3 performed the same task.
Among the remaining 4 farmers (G1, G2, G3, G4), there must be 3 farmers that performed
both types of work on D1 and D2.
Let’s say on D1, G1-G3 picked cherries and D2 they drove tractors.
On D3, two of G1-G3 performed the same work (G1 and G2 drove tractors).
But then on days D1 and D3 each of the farmers, F1, F, F2, G1 and G2 performed only one
type of work; not possible according to the problem!

(b) Consider a set of 3 farmers (F1, F2, F3). Show there are 8 working schedules
for this set of farmers. (2 marks)
2 marks if all 8 listed, 1 mark if at least 4 listed. These include tractor, tractor, tractor
OR tractor, picking, tractor, OR etc…
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(c) Using the proof in (a) and the information in (b) explain why every farmer must
have worked exactly 8 days in tractors and 8 days picking cherries. (1 mark)
Since the configuration in (a) is impossible, each of the eight working schedules
must occur on exactly 2 of the 16 days, which results in the working pattern
described in (c).

(d) We will define a function D(f) to be the number of days on which exactly f
farmers drove tractors. Explain why D(0)=1 and D(1)=D(2)=0. (2 marks)
Since on first day everyone was picking, there is one day where d(0) is satisfied. This then
means on the remaining days, at least 3 farmers drove tractors. Hence, there are no D(1)
or D(2) days.

(e) The final part of the proof requires another proof by contradiction. We will
assume that D(7) = 0 and hence D(3) + D(4) + D(5) + D(6) = 15. By
substituting values for these functions based on known facts, prove this
assumption is false and therefore that was a day when all 7 farmers drove
tractors. (5 marks)
NOTE: This is a challenge question and (e) is particularly demanding. Expect very
low success rate.
1 mark
1 mark

Firstly, since each farmer drove the tractor 8 times,
3d(3) + 4d(4) + 5d(5) + 6d(6) = 7*8 = 56
Consider 3 farmers that all drove the tractor on day X.
There are 7*6*5 = 210 sets of 3 farmers possible.
Every working schedule for 3 farmers occurs on exactly 2 days the number of sets
(F1, F2, F3, D) must be 420. As every day on which Y farmers drive tractors
contributes Y(Y-1)(Y-2) sets, we have
3*2*1*d(3) + 4*3*2*d(4)+5*4*3*d(5)+6*5*4*d(6) = 420
This simplifies to d(3) + 4d(4)+10d(5)+20d(6) = 70

1 mark

Lastly, consider the number of sets where F1, F2 and F3 are different farmers that
worked in the field picking on day D. In that case the sets also total 420 and
7*6*5*d(0)+4*3*2*d(3)+3*2*1*d(4) = 420
This simplifies to 4(d(3))+d(4) = 35.

2 marks

d(3) + d(4) + d(5) + d(6) = 15 (x-40)
3d(3) + 4d(4) + 5d(5) + 6d(6) = 7*8 = 56 (x10)
d(3) + 4d(4)+10d(5)+20d(6) = 70 (x-1)
4(d(3))+d(4) = 35 (x4)
If you solve the equations by multiplying them together, you find that 5d(3) = 30
and d(3) = 6. Then d(4) = 1. As d(3)+d(4) = 17 it’s not possible as there are 16
days in total.
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